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ABSTRACT 
Quantum dot lasers have been the focus of researchers due to their interesting optical properties 
owing to quantum confinement of carriers. In epitaxial quantum dots formed on a substrate, 
band-edge diagrams sound to more complex than simple bulk materials because of the 
important role of strain. Strain tensor is strongly dependent to lattice mismatch. Various 
substrate indexes have been used in the laser devices, and a number of research groups 
elaborate to find the best substrate index. In this research band edge, energy levels and strain 
effects of cubic In0.4Ga0.6As − GaAs quantum dots are studied by 6-band k.p model and their 
dependence to substrate index is investigated. It is shown that change of substrate index affects 
the band gap and transition energy of electrons and holes. Moreover, we show that components 
of strain tensor are strongly sensitive to surface index, and symmetry breaks along space. Our 
results appear to be in very good consonance with represented formula and similar researches.  
Keywords: substrate index, quantum dot laser, band edge, strain tensor. 
 
I. INTRODUCTION 
Quantum Dot (QD) semiconductor lasers have been the focus of many investigations 
thanks to their optical properties arising from the quantum confinement of electrons and 
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holes [1-4]. By now, QD materials have found very promising applications in optical 
amplifiers and semiconductor lasers [5-8]. Effects of different parameters, namely, 
substrate index [9, 10], working temperature [11-14], size [15-17], stoichiometric 
percentage [18], strain effect [19, 20], … are argued to be important in the performance of 
QD-Lasers. Thus, a detail and precise study of the effects of these factors can lead to future 
high performance lasers.  
InGaAs/GaAs devices are paid attention in a number of publications due to their 
interesting attributes [4, 21-25]. In quantum confined hetero-structures with materials of 
different lattice constants, band edge diagrams show more complexity than bulk materials 
because of the important role of strain. Strain tensor strongly depends on the elastic 
properties of connected materials, geometry of the quantum dot, and lattice mismatch [26].  
It is shown that optical properties, size distribution, and density and ordering of QDs are 
associated with substrate-orientation. In former studies, substrate (001) index was mostly 
used, however, it was found that enhanced photoluminescence intensity with sharper peaks 
and better QD alignment result from (311) surface of the substrate. These findings agreed 
with future experimental researches too. Thus, many investigations elaborate to find the 
best substrate index [10].  
In this paper we are going to study the effect of substrate index on properties of 
𝐼𝑛0.4𝐺𝑎0.6𝐴𝑠 quantum dots grown on different substrate indexes through 6 × 6 k.p 
technique. The rest of this paper is organized as follows: in section II the model and 
simulation details are presented. Our results will be discussed in section III in two parts 
related to band edge (III.A) and strain tensor (III.B); we make the conclusion finally in 
section IV. 
  
II. MODEL AND SIMULATION DETAILS 
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We suppose a cubic 10 × 10 × 10𝑛𝑚3 quantum dot on different substrate indexes. Figure 
1 shows the profile of a QD and the 0.5𝑛𝑚 wetting layer which are surrounded by GaAs. 
We take indium ratio as 40% as used in many laser applications [27]. Both GaAs and InAs 
have the zinc-blende structures with direct band gaps. The growth direction was z=[ℎ,1,1] 
perpendicular to 𝑥 = [0,1, 1̅] and 𝑦 = [2, ℎ̅, ℎ̅] [9]. Also for z=[0,0,1] we take 𝑥 =
[1,0,0] and 𝑦 = [0,1,0]. All the simulations in this article are performed under room 
temperature. We employed Nextnano++ software to implement the 6-band k.p 
Schrödinger-Poisson solver [26, 28]. 
 
 
Figure 1: Profile of a 𝟏𝟎 × 𝟏𝟎 × 𝟏𝟎𝐧𝐦𝟑 cubic 𝐈𝐧𝟎.𝟒𝐆𝐚𝟎.𝟔𝐀𝐬 QD with a 𝟎. 𝟓𝐧𝐦 wetting layer. 
 
The parameters for bulk materials applied to this article are given in Table 1 [29-31]. 
 
Table 1: Variables applied to our model. 
Parameter GaAs InAs 
Effective electron mass (Γ) 0.067mo 0.026mo 
Effective heavy hole mass 0.5mo 0.41mo 
lattice constant 0.565325 nm 0.60583 nm 
Nonzero elements of elasticity constants matrix 𝑪𝟏𝟏 = 122.1    
𝑪𝟏𝟐 = 56.6    
𝑪𝟏𝟏 = 83.29    
𝑪𝟏𝟐 = 45.26    
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𝑪𝟒𝟒 = 60 𝑪𝟒𝟒 = 39.59 
Band gap (0K) 1.424 eV 0.417 eV 
 
For 𝐼𝑛0.4𝐺𝑎0.6𝐴𝑠, the effective masses are calculated at room temperature as follows: 
effective electron mass is obtained 0.04628𝑚0 [32], effective heavy-hole mass is 0.47𝑚0 
[33], and the lattice constant is 𝑎 = 0.58153𝑛𝑚 [34, 35]. 
 
 
III. RESULTS AND DISCUSSION 
A. Band edge diagram 
Figure 2 displays the diagram of conduction and valence band edges for different 
orientations of the substrate as a function of location. Electronic Γ band edge and Heavy-
Hole (HH) edges are seen in the figure associated with their first obtained eigenvalues. 
Here Δ is defined as the electron-hole transition energy for QD’s first eigenvalue. As 
illustrated, variation of substrate index not only transforms the band edge diagram, but also 
changes the transition energies. Change in the transition energy, as it is found, is regular; 
i.e., increase of ℎ in substrate index (ℎ11) caused to increased value of transition energy. 
The ground state recombination energy is applicable to QD lasers. Change of Δ gives rise 
in a different output wavelength of the laser device. Finally, it is mentioned that band edge 
of the substrate has also been subjected to change near the interface. GaAs and InAs have 
direct band-gaps. Band structure is mostly dependent to chemical potential and strongly to 
strain in heterostructures. In fact, strain is capable of shifting band edge and so affect on 
the electronic states. 
 
(a) (b) (c) 
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 (d) (e) 
 
Figure 2. Conduction and 
valence band edges together 
with the first eigenvalue for 
electrons and holes. 
   
Better comparison of band edge diagrams for mentioned substrate indexes is shown in 
figure 3. As it is seen, for conduction and valence band (figures 3a and 3b), surface (111) is 
associated with the minimum value of band gap and (001) has the maximum value. This 
shows only a shift in the energy. Moreover, band edge diagram is subjected to change 
mostly in central points of the quantum dot. 
 
(a) (b) 
 
 
 
Figure 3. Conduction and valence band edge for various substrate indexes. 
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For a better knowledge of the behavior of band edge and electron-hole states, these 
parameters are shown in figure 4a for various substrate indexes. As it is seen, the 
difference is not so remarkable when substrate index changes. However, the lowest band 
gap belongs to (011) surface and the greatest one is related to (111) (figure 4b). It is also 
clear that for ℎ > 0 rise of ℎ enhances the band gap. In addition, increase of ℎ leads to 
enhanced electron-hole transition energy.  
It has been pointed out in [36] that band gap is dependent to lattice constant. Change of 
substrate index, as known, changes the lattice constant on the surface on which growth is 
conducted. They showed that increase of lattice constant results in the decreased ban gap. 
Also, they show that energy levels in GaAs are strongly strain-dependent. 
(a) (b) 
  
 
Figure 4. Energy gap and recombination energy of the ground state for different growth 
surfaces together with the fitted lines 
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B. Strain tensor 
Strain plays an important role in optimization of optical and electronic properties of 
heterostructures. Taking into account length variation in all directions, the strain tensor is 
as follows: 
𝜀𝑖𝑗(𝒓) =
𝑑𝒖𝑖(𝒓)
𝑑𝑟𝑗
+
𝑑𝒖𝑗(𝒓)
𝑑𝑟𝑖
2
                                                           (1) 
where 𝑖, 𝑗 take values 1, 2, 3 which respectively refer to x, 𝑦, and 𝑧. 𝑟𝑖 is the length in 
direction 𝑖, and 𝑑𝑢𝑗  is displacement in direction 𝑗 due to lattice deformation [9]. Although 
the distortion matrix 𝑢 may be non-symmetric, this tensor is real and symmetric (i.e., 𝜀𝑗𝑖 =
𝜀𝑖𝑗). Diagonal components are associated with expansion per unit length along an axis 
which refers to compressive (tensile) strain if negative (positive); in this situation, angles 
of the volume element are fixed but the lengths change. Off-diagonal components are 
related to rotation and shear deformations which lead to variation of angles while the 
volume remains fixed. The resulting general strain tensor is a 3 × 3 matrix as follows: 
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𝜀 = [
𝜀𝑥𝑥 𝜀𝑥𝑦 𝜀𝑥𝑧
𝜀𝑥𝑦 𝜀𝑦𝑦 𝜀𝑦𝑧
𝜀𝑥𝑧 𝜀𝑦𝑧 𝜀𝑧𝑧
]     (2) 
Strain is sensitive to material elastic constants. Strain tensor components are represented in 
figure 5 for the same previous substrate indexes. Obviously, substrate index remarkably 
changes the strain components. It can be noticed that the mismatch due to the change in 
substrate lattice constant while changing the growth surface has lead to jump in the strain 
tensor at interfaces. Also, in all the figures, as expected, 𝜀𝑥𝑥 coincides with 𝜀𝑦𝑦. This result 
seems logical, since strain is dependent to lattice constant which is itself dependent to the 
surface on which growth has been conducted. 
 
 
(a) (b) 
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Figure 5. Strain tensor components along z-axis for various growth surfaces. 
 
 
 
The uniaxial strain component 𝜀𝑧𝑧 perpendicular to the interface and for substrate index 
(001) is obtained as:  
𝜀𝑧𝑧 = 𝜀⊥ = −
2𝐶12
𝐶11
𝜀||                            (3-a) 
which is obtained by vanishing 𝜎𝑧𝑧. Also, biaxial strain parallel to interface reads [37]: 
 
𝜀𝑥𝑥 = 𝜀𝑦𝑦 = 𝜀|| =
𝑎𝑠𝑢𝑏𝑠𝑡𝑟𝑎𝑡𝑒−𝑎𝑄𝐷
𝑎𝑄𝐷
    (3-b) 
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in which 𝑎𝑠𝑢𝑏𝑠𝑡𝑟𝑎𝑡𝑒 and 𝑎𝑄𝐷 are respectively the substrate and quantum dot lattice 
constants. 𝐶𝑖𝑗 are elements of the matrix of elasticity constants which correlates stress 𝜎 to 
strain by Hooke’s law (i.e., 𝜎 = 𝐶𝜀) [36, 38]. This relation for our cubic zinc-blende 
crystal is given as: 
 
[
 
 
 
 
 
𝜎𝑥𝑥
𝜎𝑦𝑦
𝜎𝑧𝑧
𝜎𝑥𝑦
𝜎𝑥𝑧
𝜎𝑦𝑧]
 
 
 
 
 
=
[
 
 
 
 
 
𝐶11 
𝐶12
𝐶12
0
0
0
 𝐶12
𝐶11
𝐶12
0
0
0
 
𝐶12
𝐶12
𝐶11
0
0
0
0
0
0
2𝐶44
0
0
0
0
0
0
2𝐶44
0
0
0
0
0
0
2𝐶44]
 
 
 
 
 
[
 
 
 
 
 
𝜀𝑥𝑥
𝜀𝑦𝑦
𝜀𝑧𝑧
𝜀𝑥𝑦
𝜀𝑥𝑧
𝜀𝑦𝑧]
 
 
 
 
 
                        (4) 
Also, in general, when substrate index changes, strain tensor elements are obtained by [39] 
 
𝜀|| = 𝜀𝑥𝑥 = 𝜀𝑦𝑦 =
(𝑎𝑠𝑢𝑏𝑠𝑡𝑟𝑎𝑡𝑒−𝑎𝑄𝐷)
𝑎𝑄𝐷
                                                                               (5-a) 
𝜀𝑥𝑦 = 𝜀𝑦𝑥 = 0           (5-b) 
𝜀𝑥𝑧=𝜀𝑧𝑥 =
𝑑4𝑑8−𝑑6𝑑7
𝑑4𝑑5−𝑑6
2 𝜀||          (5-c) 
𝜀𝑦𝑧 = 𝜀𝑧𝑦 =
𝑑7−
𝑑6𝜀𝑧𝑥
𝜀𝑥𝑥
𝑑4
𝜀||         (5-d) 
𝜀⊥ = 𝜀𝑧𝑧 =
𝑑1−
2𝐶34𝜀𝑦𝑧
𝜀𝑥𝑥
−
2𝐶35𝜀𝑧𝑥
𝜀𝑥𝑥
𝐶33
𝜀||        (5-e) 
 
Where growth direction is along 𝑧 axis and x, y are parallel to the substrate. Here,  
 
𝑑1 = −𝐶13 − 𝐶23         (6-a) 
𝑑2 = −𝐶14 − 𝐶24         (6-b) 
𝑑3 = −𝐶15 − 𝐶25         (6-c) 
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𝑑4 = 2𝐶33𝐶44          (6-d) 
𝑑5 = 2𝐶33𝐶55          (6-e) 
𝑑6 = 2𝐶33𝐶45 − 𝐶34𝐶35                       (6-f) 
𝑑7 = 𝐶33𝑑2 − 𝐶34𝑑1         (6-g) 
𝑑8 = 𝐶33𝑑3 − 𝐶35𝑑1         (6-h) 
 
Figure 6 depicts the same strain tensor components for different substrate indexes but 
along x-axis. For indium percentage of 40, it is expected for the mismatch to be 2.8665%. 
Therefore, strain maximum value cannot be greater than this value. As it is seen, the 
maximum value corresponds to that of (001) for 𝜀𝑧𝑧. The other point is that for all (ℎ11) 
surfaces, 𝜀𝑦𝑦 and 𝜀𝑧𝑧 change and decease of one is synchronized with an increase in the 
other one. Also, their peak decreases by increasing ℎ-value. This reverse relationship for 
trends is true for 𝜀𝑥𝑦 and 𝜀𝑥𝑧 too. i.e., when one increased the other one drops-down and 
vice versa. For these two components, the peak increases by ℎ increase.  
 
 
 
(a) (b) 
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(c) (d) 
  
 
Figure 6. The same as figure 5 but along x-axis 
 
IV. CONCLUSION 
We conducted a theoretical study of the effect of substrate orientation on band edge, 
energy levels and strain effects of cubic In0.4Ga0.6As − GaAs quantum dots. It was shown 
that change of substrate index affects on the band gap and electron-hole transition energy. 
Moreover, components of strain tensor were found to be significantly dependent to surface 
index and while our device was a symmetric system, the symmetry broke down. Our 
results appear to be in very good consonance with similar researches.  
 
13 
 
Acknowledgement 
We thank Prof. S. Farjami Shayesteh for helpful comments about this work. 
 
References: 
1. Markéta ZÍKOVÁ, A.H., Simulation of Quantum States in InAs/GaAs Quantum Dots. 
NANOCON 2012. 23(25): p. 10. 
2. Ma, Y.J., et al., Factors influencing epitaxial growth of three-dimensional Ge quantum dot 
crystals on pit-patterned Si substrate. Nanotechnology, 2013. 24(1): p. 015304. 
3. Danesh Kaftroudi, Z. and E. Rajaei, Simulation And Optimization Of Optical Performance 
Of Inp-Based Longwavelength Vertical Cavity Surface Emitting Laser With Selectively Tunnel 
Junction Aperture. Journal Of Theoretical And Applied Physics (Iranian Physical Journal), 2010. 
4(2): p. 12-20. 
4. Nedzinskas, R., et al., Polarized photoreflectance and photoluminescence spectroscopy of 
InGaAs/GaAs quantum rods grown with As(2) and As(4) sources. Nanoscale Research Letters, 
2012. 7(1): p. 609-609. 
5. Bimberg, D., et al., Quantum dot lasers: breakthrough in optoelectronics. Thin Solid Films, 
2000. 367(1–2): p. 235-249. 
6. Gioannini, M., Analysis of the Optical Gain Characteristics of Semiconductor Quantum-
Dash Materials Including the Band Structure Modifications Due to the Wetting Layer. IEEE 
Journal of Quantum Electronics, 2006. 42(3): p. 331-340. 
7. Kaftroudi, D., et al., Thermal simulation of InP-based 1.3 micrometer vertical cavity 
surface emitting laser with AsSb-based DBRs. Vol. 284. 2011, Amsterdam, PAYS-BAS: Elsevier. 
11. 
8. Asryan, L.V. and S. Luryi, Tunneling-injection quantum-dot laser: ultrahigh temperature 
stability. Quantum Electronics, IEEE Journal of, 2001. 37(7): p. 905-910. 
14 
 
9. Povolotskyi, M., et al., Tuning the piezoelectric fields in quantum dots: microscopic 
description of dots grown on (N11) surfaces. Nanotechnology, IEEE Transactions on, 2004. 3(1): 
p. 124-128. 
10. Qiu, D. and M.X. Zhang, The preferred facet orientation of GaAs pyramids for high-
quality InAs and InxGa1−xAs quantum dot growth. Scripta Materialia, 2011. 64(7): p. 681-684. 
11. Chen, S.-H. and J.-L. Xiao, Temperature Effect On Impurity-Bound Polaronic Energy 
Levels In A Parabolic Quantum Dot In Magnetic Fields. International Journal of Modern Physics 
B, 2007. 21(32): p. 5331-5337. 
12. Kumar, D., C.M.S. Negi, and J. Kumar, Temperature Effect on Optical Gain of CdSe/ZnSe 
Quantum Dots, in Advances in Optical Science and Engineering, V. Lakshminarayanan and I. 
Bhattacharya, Editors. 2015, Springer India. p. 563-569. 
13. Narayanan, M. and A.J. Peter, Pressure and Temperature Induced Non-Linear Optical 
Properties in a Narrow Band Gap Quantum Dot. Quantum Matter, 2012. 1(1): p. 53-58. 
14. Rossetti, M., et al., Modeling the temperature characteristics of InAs/GaAs quantum dot 
lasers. Journal of Applied Physics, 2009. 106(2): p. 023105. 
15. Baskoutas, S. and A.F. Terzis, Size-dependent band gap of colloidal quantum dots. Journal 
of Applied Physics, 2006. 99(1): p. 013708. 
16. Pryor, C., Eight-band calculations of strained InAs/GaAs quantum dots compared with 
one-, four-, and six-band approximations. Physical Review B, 1998. 57(12): p. 7190-7195. 
17. Xiao, X., et al., Quantum-Size-Controlled Photoelectrochemical Fabrication of Epitaxial 
InGaN Quantum Dots. Nano Letters, 2014. 14(10): p. 5616-5620. 
18. Shi, Z., et al., Influence of V/III ratio on QD size distribution. Frontiers of Optoelectronics 
in China, 2011. 4(4): p. 364-368. 
19. Pryor, C.E. and M.E. Pistol, Band-edge diagrams for strained III\char21{}V semiconductor 
quantum wells, wires, and dots. Physical Review B, 2005. 72(20): p. 205311. 
20. Shahraki, M. and E. Esmaili, Computer simulation of quantum dot formation during 
heteroepitaxial growth of thin films. Journal of Theoretical and Applied Physics, 2012. 6(1): p. 1-5. 
15 
 
21. Woolley, J.C., M.B. Thomas, and A.G. Thompson, Optical energy gap variation in 
GaxIn1−x As alloys. Canadian Journal of Physics, 1968. 46(2): p. 157-159. 
22. Hazdra, P., et al., Optical characterisation of MOVPE grown vertically correlated 
InAs/GaAs quantum dots. Microelectronics Journal, 2008. 39(8): p. 1070-1074. 
23. Fali, A., E. Rajaei, and Z. Kaftroudi, Effects of the carrier relaxation lifetime and 
inhomogeneous broadening on the modulation response of InGaAs/GaAs self-assembled quantum-
dot lasers. Journal of the Korean Physical Society, 2014. 64(1): p. 16-22. 
24. Yekta Kiya, Y., E. Rajaei, and A. Fali, Study of response function of excited and ground 
state lasing in InGaAs/GaAs quantum dot laser. J. Theor. Phys. , 2012. 1: p. 246-256. 
25. Azam Shafieenezhad, E.R., , Saeed Yazdani, The Effect of Inhomogeneous Broadening on 
Characteristics of Three-State Lasing Ingaas/Gaas Quantum Dot Lasers. International Journal of 
Scientific Engineering and Technology, 2014. 3(3): p. 297- 301. 
26. Trellakis, A., et al., The 3D nanometer device project nextnano: Concepts, methods, 
results. Journal of Computational Electronics, 2006. 5(4): p. 285-289. 
27. Kamath, K., et al., Small-signal modulation and differential gain of single-mode self-
organized In0.4Ga0.6As/GaAs quantum dot lasers. Applied Physics Letters, 1997. 70(22): p. 2952-
2953. 
28. Birner, S., et al., nextnano: General Purpose 3-D Simulations. Electron Devices, IEEE 
Transactions on, 2007. 54(9): p. 2137-2142. 
29. Jang, Y.D., et al., Comparison of quantum nature in InAs/GaAs quantum dots. Journal of 
the Korean Physical Society, 2003. 42(Suppl): p. 111-113. 
30. Singh, J., Physics of Semiconductors and Their Heterostructures. 1993: McGraw-Hill. 
31. Yu, C., Fundamentals of Semiconductors. Springer, 2010. 
32. T.P.Pearsall, GaInAsP Alloy Semiconductors. John Wiley and Sons, 1982. 
33. N.M., G.Y.A.a., Schmidt Handbook Series on Semiconductor Parameters. World 
Scientific, London, 1999. vol. 2: p. 62-88. 
34. Adachi, S., J.Appl. Phys., 1983. vol. 54(No.4): p. 1844-1848. 
16 
 
35. Aryanto, D., Z. Othaman, and A.K. Ismail, The impact of AsH3 overflow time and indium 
composition on the formation of self-assembled In x Ga1 − x As quantum dots studied by atomic 
force microscopy. Journal of Theoretical and Applied Physics, 2013. 7(27): p. 1-6. 
36. Cheiwchanchamnangij, T. and W.R.L. Lambrecht, Band structure parameters of wurtzite 
and zinc-blende GaAs under strain in the GW approximation. Physical Review B, 2011. 84(3): p. 
035203. 
37. Peressi, M., N. Binggeli, and A. Baldereschi, Band engineering at interfaces: theory and 
numerical experiments. Journal of Physics D: Applied Physics, 1998. 31(11): p. 1273. 
38. Chuang, S.L. and C.S. Chang, A band-structure model of strained quantum-well wurtzite 
semiconductors. Semiconductor Science and Technology, 1997. 12(3): p. 252. 
39. Birner, S. Modeling of semiconductor nanostructures and semiconductor–electrolyte 
interfaces. 2008. 
